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Ïóñòü Φ(z) = zn + b2z
n+1 + b3z
n+2 + · · ·  ãîëîìîðíàÿ â êðóãå |z| < 1 óíêöèÿ,




n+2 + · · · , äëÿ êîòîðûõ |ak| ≤ bk , k = 2, 3, . . . Âû÷èñëÿåòñÿ ðàäèóñ íàèáîëüøåãî
êðóãà, â êîòîðîì êàæäàÿ óíêöèÿ F (z) ∈ Vn(Φ) óäîâëåòâîðÿåò óñëîâèþ ReF
(n)(z) > 0 .
Êëþ÷åâûå ñëîâà: ãîëîìîðíàÿ óíêöèÿ, ïðîèçâîäíàÿ, êðóã, ñåìåéñòâî óíêöèé,
ïîëîæèòåëüíàÿ äåéñòâèòåëüíàÿ ÷àñòü.
Ââåäåíèå
Îáîçíà÷èì ÷åðåç C˜n(E) êëàññ ãîëîìîðíûõ â åäèíè÷íîì êðóãå E (òî åñòü
â êðóãå |z| < 1) óíêöèé âèäà





äëÿ êîòîðûõ âûïîëíåíî óñëîâèå Re {F (n)(z)} > 0 ïðè ëþáîì z ∈ E (ñì. [1℄).
×èñëî n íàçîâåì íîìåðîì êëàññà.
Ïðè n = 0 ïîëó÷èì êëàññ Êàðàòåîäîðè C˜0(E) (ñì. [2, ñ. 3539.℄). Åñëè n = 1 ,
òî èìååì êëàññ îäíîëèñòíûõ â E óíêöèé ñ îãðàíè÷åííûì âðàùåíèåì (ñì. [3, 4℄).
Ïóñòü n ≥ 0 è èêñèðîâàíî. àññìîòðèì ãîëîìîðíóþ â E óíêöèþ




n+k−1, ãäå bk ≥ 0, k = 2, 3, . . .
è îáîçíà÷èì ÷åðåç Vn(Φ) ñåìåéñòâî óíêöèé âèäà (1), ïîä÷èíåííûõ óñëîâèþ
|ak| ≤ bk, k = 2, 3, . . . .
Î÷åâèäíî, ãëàâíàÿ óíêöèÿ Φ(z) îäíîçíà÷íî îïðåäåëÿåò ñåìåéñòâî Vn(Φ) .
Êðîìå òîãî, îíà ïðèíàäëåæèò ýòîìó ñåìåéñòâó. Òàê êàê
1
n!
F (n) (0) = 1 , òî ëåã-
êî ïîíÿòü, ÷òî êàæäàÿ óíêöèÿ Ft(z) èç ñåìåéñòâà Vn(Φ) ïðèíàäëåæèò êëàññó
C˜n â íåêîòîðîì ñâîåì êðóãå |z| < t ≤ 1 , êîòîðûé îáîçíà÷èì ÷åðåç Et .
Â íàñòîÿùåé ðàáîòå ìû íàõîäèì íàèáîëüøèé êðóã ñ öåíòðîì â íà÷àëå êîîðäè-
íàò, âíóòðè êîòîðîãî ëþáàÿ óíêöèÿ èç ñåìåéñòâà Vn(Φ) ïðèíàäëåæèò C˜n . àäèóñ
òàêîãî êðóãà îäíîçíà÷íî îïðåäåëÿåòñÿ óíêöèåé Φ(z) èç ñåìåéñòâà Vn(Φ) . Îáî-
çíà÷èì åãî ÷åðåç r = r[Vn(Φ)] .
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1. Èìååò ìåñòî ñëåäóþùàÿ
Òåîðåìà 1. Åñëè óðàâíåíèå
1
n!
Φ(n) (x) = 2 (2)
èìååò â èíòåðâàëå 0 < x < 1 êîðåíü x0 , òî
r [Vn (Φ)] = x0.
Åñëè óðàâíåíèå (2) íå èìååò â èíòåðâàëå 0 < x < 1 êîðíåé, òî
r [Vn (Φ)] = 1.
Äîêàçàòåëüñòâî. Âîçüìåì ëþáóþ óíêöèþ F (z) èç Vn(Φ) è ïóñòü x = |z| ,
ãäå z ∈ E . Îáîçíà÷èâ Bnn+k−1 =
(n+ k − 1)!























Φ(n) (x) , (3)
ãäå F (z) ∈ Vn(Φ) è |z| = x . Ïóñòü x0  êîðåíü óðàâíåíèÿ (2) è 0 < x0 < 1 .
Òàê êàê óíêöèÿ Φ(n)(x) ìîíîòîííî âîçðàñòàåò â èíòåðâàëå 0 < x < 1 , òî x0 
åäèíñòâåííûé êîðåíü, è ïîýòîìó
2− 1
n!
Φ(n) (x) > 0, 0 ≤ x < x0. (4)
Íåðàâåíñòâà (3), (4) ïîêàçûâàþò, ÷òî ëþáàÿ óíêöèÿ F (z) èç ñåìåéñòâà Vn(Φ)
ïðèíàäëåæèò êëàññó C˜n(Ex0) . Óâåëè÷èòü ðàäèóñ êðóãà Ex0 íåëüçÿ, òàê êàê â ïðî-
òèâíîì ñëó÷àå â ñåìåéñòâå Vn(Φ) íàéäåòñÿ òàêàÿ óíêöèÿ, êîòîðàÿ íå áóäåò ïðè-
íàäëåæàòü êëàññó C˜n â ðàñøèðåííîì êðóãå, íàïðèìåð, ýòî óíêöèÿ
Φ∗ (z) = 2z











(x) = 2− 1
n!
Φ(n) (x) .











òî åñòü Φ∗(z) /∈ C˜n(Ex1) â ðàñøèðåííîì êðóãå Ex1 . Òàêèì îáðàçîì, r[Vn(Φ)] = x0 ,
è ïåðâàÿ ÷àñòü òåîðåìû äîêàçàíà.
Ïåðåéäåì ê äîêàçàòåëüñòâó âòîðîé ÷àñòè òåîðåìû. Ïóñòü óðàâíåíèå (2) íå èìååò
êîðíåé â èíòåðâàëå 0 < x < 1 . Òàê êàê
1
n!




Φ(n) (x) â èíòåðâàëå 0 < x < 1 , ïîëó÷èì:
1
n!
Φ(n) (x) < 2, 0 ≤ x < 1.
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Òîãäà èç (3) ñëåäóåò, ÷òî ëþáàÿ óíêöèÿ F (z) èç ñåìåéñòâà Vn(Φ) ïðèíàäëåæèò
êëàññó C˜n(E) . Ó÷èòûâàÿ, ÷òî óíêöèè âèäà (1) îïðåäåëåíû ëèøü â åäèíè÷íîì
êðóãå E , ïîëó÷èì r[Vn(Φ)] = 1 , ÷òî äîêàçûâàåò âòîðóþ ÷àñòü òåîðåìû.
Çàìå÷àíèå 1. Ôóíêöèè Φ(z) è Φ∗(z) ïðèíàäëåæàò êëàññó C˜n(Ex0) .
Â ñàìîì äåëå, òàê êàê îáå óíêöèè âçÿòû èç ñåìåéñòâà Vn(Φ) , òî ê íèì ïðè-





















Φ(n) (x) > 0, |z| = x < x0.
Êðîìå òîãî, íåðàâåíñòâî (5) ïîêàçûâàåò, ÷òî äëÿ óíêöèè Φ∗(z) óâåëè÷èòü êðóã
ïðèíàäëåæíîñòè åå ê êëàññó C˜n íåëüçÿ.
Òåîðåìà 2. Åñëè óíêöèÿ





ïðèíàäëåæèò êëàññó C˜n(E) , òî ëþáàÿ óíêöèÿ





êîýèöèåíòû êîòîðîé ïîä÷èíåíû óñëîâèþ
|ak| ≤ |Ak| , k = 2, 3, . . . ,
ïðèíàäëåæèò êëàññó C˜n , â êðóãå |z| < 1/3 , íî, âîîáùå ãîâîðÿ, íå â áîëüøåì êðóãå.








































Òàê êàê F (z) ∈ C˜n(E) , òî Re {Ψ(z)} > 0 â E . Ýòî îçíà÷àåò, ÷òî óíêöèÿ Ψ(z) ïðè-
íàäëåæèò êëàññó C˜0(E) , òî åñòü êëàññó Êàðàòåîäîðè. Íî òîãäà äëÿ êîýèöèåíòîâ
óíêöèè (7) ñïðàâåäëèâû íåðàâåíñòâà (ñì. [2℄)
Bnn+k−1 |Ak| ≤ 2, k = 2, 3, . . . .
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Åñëè òåïåðü 0 ≤ x < 1/3 , òî Re {Q(n)(z)} > 0 , ãäå |z| = x , òî åñòü Q(z) ∈ C˜n(E1/3) .
àññìîòðèì òåïåðü óíêöèè











































Ïîýòîìó óíêöèÿ F1(z) ïðèíàäëåæèò êëàññó C˜n â åäèíè÷íîì êðóãå E , à óíêöèÿ
Q1(z) ïðèíàäëåæèò êëàññó C˜n òîëüêî â êðóãå |z| < R = 1/3 .
Çàìå÷àíèå 2. Êàê âèäíî èç äîêàçàòåëüñòâà òåîðåìû 2, ðàäèóñ R = 1/3 ÿâëÿ-
åòñÿ ïîñòîÿííûì âíå çàâèñèìîñòè îò íîìåðà n êëàññà C˜n .
Ñëåäñòâèå 1. Ïóñòü óíêöèÿ F (z) = zn+ a2z
n+1 + · · · ïðèíàäëåæèò êëàññó
C˜n(E) . Åñëè ïðîèçâîëüíûì îáðàçîì èçìåíèòü àðãóìåíòû ó êîýèöèåíòîâ ak ,
k = 2, 3, . . ., óíêöèè F (z) , òî ïîëó÷èòñÿ íîâàÿ óíêöèÿ, êîòîðàÿ áóäåò ïðè-
íàäëåæàòü êëàññó C˜n â êðóãå |z| < 1/3 , íî, âîîáùå ãîâîðÿ, íå â áîëüøåì êðóãå.
àäèóñ R = 1/3 ÿâëÿåòñÿ ïîñòîÿííûì âíå çàâèñèìîñòè îò íîìåðà n êëàññà C˜n .
Ñëåäñòâèå 2. Ïóñòü




n+k−1 ∈ C˜n (E), ãäå bk ≥ 0, k = 2, 3, . . . , n.
Òîãäà êîðåíü x0 óðàâíåíèÿ
1
n!
Φ(n) (x) = 2 (åñëè îí ñóùåñòâóåò â èíòåðâàëå 0 < x <
< 1) óäîâëåòâîðÿåò íåðàâåíñòâó x0 ≥ 1/3 . àäèóñ R = 1/3 ÿâëÿåòñÿ ïîñòîÿííûì
âíå çàâèñèìîñòè îò íîìåðà n êëàññà C˜n .
Äîêàçàòåëüñòâî. Â ñàìîì äåëå, ïî òåîðåìå 1 ëþáàÿ óíêöèÿ





êîýèöèåíòû êîòîðîé ïîä÷èíåíû óñëîâèþ
|ak| ≤ bk, k = 2, 3, . . . , ,
ïðèíàäëåæèò êëàññó C˜n â êðóãå |z| < x0 . Ñ äðóãîé ñòîðîíû, ëþáàÿ òàêàÿ óíêöèÿ
ïðèíàäëåæèò êëàññó C˜n â êðóãå |z| < 1/3 . Îòñþäà x0 ≥ 1/3 .
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2. Îáîçíà÷èì ÷åðåç K˜n(E) êëàññ ãîëîìîðíûõ â åäèíè÷íîì êðóãå E óíêöèé
âèäà (1), ó êîòîðûõ n-ÿ ðàçäåëåííàÿ ðàçíîñòü [F (z); z0, z1, . . . , zn] îòëè÷íà îò íóëÿ
ïðè ëþáûõ z0, z1, . . . , zn ∈ E . Èìååò ìåñòî òåîðåìà, àíàëîãè÷íàÿ òåîðåìå 1.
Òåîðåìà 3. Åñëè óðàâíåíèå
1
n!
Φ(n) (x) = 2 (8)
èìååò â èíòåðâàëå 0 < x < 1 êîðåíü, òî ëþáàÿ óíêöèÿ èç ñåìåéñòâà Vn(Φ)
ïðèíàäëåæèò êëàññó K˜n â êðóãå Ex0 , íî, âîîáùå ãîâîðÿ, íå â áîëüøåì. Åñëè æå
ýòî óðàâíåíèå íå èìååò â èíòåðâàëå 0 < x < 1 êîðíåé, òî ëþáàÿ óíêöèÿ èç
Vn(Φ) ïðèíàäëåæèò êëàññó K˜n(E) .
Äîêàçàòåëüñòâî. Ïóñòü óðàâíåíèå (8) èìååò êîðåíü x0 â èíòåðâàëå 0 < x < 1 .
Èçâåñòíî (ñì. [1℄), ÷òî C˜n(Ex0) ⊂ K˜n(Ex0) . Îòñþäà ñ ó÷åòîì òåîðåìû 1 ïîëó÷à-
åì, ÷òî ëþáàÿ óíêöèÿ F (z) èç ñåìåéñòâà Vn(Φ) ïðèíàäëåæèò êëàññó K˜n(Ex0) .
Ïîêàæåì, ÷òî ðàäèóñ óêàçàííîãî êðóãà óâåëè÷èòü íåëüçÿ. Ïóñòü, âîïðåêè óòâåð-
æäåíèþ, ëþáàÿ óíêöèÿ èç ñåìåéñòâà Vn(Φ) ïðèíàäëåæèò êëàññó K˜n(Ex1) , ãäå





∗ (x0) = 2− 1
n!
Φ(n) (x0) = 0, x0 ∈ Ex1 .
Îäíàêî ïîñëåäíåå ðàâåíñòâî íå ìîæåò èìåòü ìåñòà, òàê êàê n-ÿ ïðîèçâîäíàÿ ëþáîé
óíêöèè, ïðèíàäëåæàùåé êëàññó K˜n(Ex0) , îòëè÷íà îò íóëÿ â êðóãå Ex1 (ñì. [1℄).
Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò ïåðâóþ ÷àñòü òåîðåìû.
Äîêàæåì âòîðóþ ÷àñòü òåîðåìû. Ïóñòü óðàâíåíèå (8) íå èìååò êîðíåé â èí-
òåðâàëå 0 < x < 1 . Òîãäà, îïèðàÿñü íà ñîîòíîøåíèå C˜n(E) ⊂ K˜n(E) è íà òåî-
ðåìó 1, çàêëþ÷àåì, ÷òî ëþáàÿ óíêöèÿ èç ñåìåéñòâà Vn(Φ) ïðèíàäëåæèò êëàññó
K˜n(E) .
3. Òåïåðü, â çàâèñèìîñòè îò âçÿòîé ãëàâíîé óíêöèè Φ(z) , çàéìåìñÿ ðåøåíèåì
óðàâíåíèÿ (2), ÷òî ïîçâîëèò íàì âû÷èñëèòü ðàäèóñ r[Vn(Φ)] .
Ïîñòðîèì ìíîæåñòâî ìíîãî÷ëåíîâ Pn,k(α) , k = 2, 3, . . ., ñòåïåíè k − 1 îò ïåðå-
ìåííîé α ñ ïîìîùüþ ðåêóððåíòíîé îðìóëû
Pn,k+1 (α) =
(k − 1)Pn,k−1 (α) + (n+ 1)Pn,k (α)Pn,2 (α)
n+ k
,
Pn,1(α) ≡ 1, Pn,2(α) = α.
Ýòè ìíîãî÷ëåíû, îáëàäàþùèå ìíîãèìè èíòåðåñíûìè ñâîéñòâàìè, áûëè ðàññìîò-
ðåíû íàìè â [5℄. Ïðåäïîëàãàÿ, ÷òî α ≥ 0 , n ≥ 0 , ïîñòðîèì óíêöèþ ϕn,α(z)
ñëåäóþùèì îáðàçîì:






Ýòà óíêöèÿ áóäåò ãîëîìîðíîé â åäèíè÷íîì êðóãå E è êîýèöèåíòû åå
Pn,k+1(α) íåîòðèöàòåëüíû. Èñõîäÿ èç îïðåäåëåíèÿ óíêöèè ϕn,α(z) , çàïèøåì ïðè
ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà α íåñêîëüêî òàêèõ ãëàâíûõ óíêöèé. Ïóñòü α =
= 0 . Òîãäà




1 · 3 · . . . · (2m− 1)
(n+ 2) (n+ 4) · · · (n+ 2m) z
n+2m.










Ïóñòü α = 1 . Òîãäà










1− z , ϕ1,1 (z) =
z
1− z .
Ïóñòü α = α0 = (n+ 3)/(n+ 1) . Òîãäà


















(1− z)2 , ϕn,3 (z) =
1 + z
(1− z)2 .
Ôóíêöèè ϕ1,0(z), ϕ0,1(z), ϕ1,1(z), ϕ1,2(z), ϕ0,3(z) ÿâëÿþòñÿ îäíîëèñòíûìè â E
óíêöèÿìè. Ôóíêöèè ϕn,1(z), ϕn,α0(z) ïðèíàäëåæàò êëàññó Kn(E) .
Òåîðåìà 4. àäèóñ íàèáîëüøåãî êðóãà ïðèíàäëåæíîñòè âñåõ óíêöèé









= 2 (1− x)(α+1)(n+1)/2 , 0 < x < 1. (9)








Îòêóäà â ñèëó òåîðåìû 1 ìû ïîëó÷àåì óðàâíåíèå (9). Ýòî óðàâíåíèå, êàê ëåãêî
óáåäèòüñÿ, èìååò åäèíñòâåííûé êîðåíü x0 â èíòåðâàëå 0 < x < 1 .





















Ïîëüçóÿñü îðìóëàìè (11), èìååì
Ñëåäñòâèå 3. Åñëè α = 0 , òî




r [V0 (ϕ0,0)] =
√
3/2, r [V1 (ϕ1,0)] = 1/
√
2.
Åñëè α = 1 , òî




r [V0 (ϕ0,1)] = 1/2, r [V1 (ϕ1,1)] = 1−
√
1/2.
Åñëè α = α0 = (n+ 3)/(n+ 1) , òî r[V1(ϕ1,1)] = x0 , ãäå
1 + x0 = 2 (1− x0)n+2 .
Â ÷àñòíîñòè,













ãäå c  íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî.
Òåîðåìà 5. àäèóñ íàèáîëüøåãî êðóãà ïðèíàäëåæíîñòè âñåõ óíêöèé





ñåìåéñòâà Vn(Φc) ê êëàññó C˜n âû÷èñëÿåòñÿ ïî îðìóëå
r [Vn (Φc)] = 1− n+1
√
c/ (1 + c).
Â ñàìîì äåëå, ïîëüçóÿñü òåîðåìîé 1, íàéäåì r[Vn(Φc)] . Äëÿ ýòîãî ðåøèì óðàâ-
íåíèå Φ
(n)
c (x) = n!2 è óáåäèìñÿ, ÷òî îíî èìååò êîðåíü x0 = 1 − n+1
√
c/ (1 + c) .
Çíà÷èò, r [Vn (Φc)] = 1− n+1
√
c/ (1 + c) .
Îòìåòèì, â ÷àñòíîñòè, ÷òî
r [V0 (Φc)] = 1/ (1 + c) è r [V1 (Φc)] = 1−
√
c/ (1 + c).
Ïîñëåäíèé ðåçóëüòàò áûë ïîëó÷åí òàêæå Â.È. àâðèëîâûì â [6℄.
Summary
E.G. Kiriyatzkii. On One Family of Holomorphi in a Cirle of Funtions with Positive
Real Part of nth Derivative.
Let Φ(z) = zn+ b2z
n+1+ b3z
n+2+ · · · be a holomorphi in the unit irle |z| < 1 funtion
with bk ≥ 0 , k = 2, 3, . . . Let Vn(Φ) be a family of funtions F (z) = z
n+a2z
n+1+a3z
n+2+· · · ,
for whih |ak| ≤ bk , k = 2, 3, . . .
The radius of the greatest irle is established for whih every funtion F (z) ∈ Vn(Φ)
satises the ondition ReF (n)(z) > 0 .
Key words: holomorphi funtion, derivative, irle, family of funtions, positive real part.
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